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Abstract:

This paper deals with several types of partial differential equations and their application in physics
problems involving two or more independent variables, the most important of which are the wave
equation, Laplace equation, and some electromagnetic phenomena using Maxwell’s equations. It is
usually difficult to calculate the analytical solutions for these partial differential equations, and
therefore Alternative methods are applied, including numerical and analytical methods, which are
widely used to solve partial differential equations within the specified domain with boundary
conditions in general.
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:the introduction

Most mathematical physics phenomena, whether they are in the field of the flow of electrical or
mechanical fluids, optics, or the flow of heat, can be described in general by partial differential
equations that generate physics based on their laws, such as Newton’s laws in mechanics, Maxwell’s
laws in electromagnetism, and Kirchhoff’s law in electricity. And others, these laws are to find
relationships between space and partial derivatives with respect to time. As a result, many scientific
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theories and studies have emerged that investigate the solutions of these equations, either numerically

or analytically [1].

A partial differential equation is an equation that contains only one unknown function with two or
more real variables. If @(x,y) then (¢) a second-order partial differential equation is achieved, it

:can be written in the form:

dp 0p 2@ 3%¢ 02
<p<p<p<p<p>:0 D

f(x,y,<p, ox 'y’ dax? ' dy?’ dydx

Assuming that equation (1) contains at least one of the ( @) partial derivatives, and that the different

partial derivatives do not depend on the order of differentiation, that is [2, 3]:

09 0%¢
dxdy  0yox

Solutions of these equations must satisfy certain boundary conditions in the vicinity of the range
that governs them, such as boundary value problems that are divided into two types: the first are free
boundary problems, related to solving incomplete partial differential equations, verifying B? —
4AC < 0 and be associated with steady state problems, the second is moving boundary problems and
is related to solving equivalent partial differential equations, such as the heat diffusion and flow
equations, verification B? — 4AC = 0, in addition to solving hyperbolic partial differential equations

B? — 4AC > 0, that are related to vibration movements and wave movements [4].

Among the most important of these equations are Maxwell's equations, which are a set of
,differential equations that, along with Lawrence's force law, form the basis of electromagnetism
optics, and electrical circuits, and are considered one of the most important mathematical models that

.describe the phenomenon of electromagnetism.

The analytical solution to the partial differential equation (1) is a function of x, y. This function fulfills
the partial differential equation within a flat region (R) confined by a closed curve (c) so that it fulfills
certain boundary conditions at each point of the curve (¢), to find a solution We resort to numerical
analysis methods used to solve these equations, the most important of which is the finite difference

method [5].
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Figure (1) shows the integration region [5].
1 — Finite difference method:

We divide the integration region (R), which is bounded by the curve (c), by a set of perpendicular
and horizontal lines that are equal in distance from each other, and parallel to the vertical and
horizontal axis, respectively. The solutions of the differential equations are on the grid points, and the

basic idea in solving equations in this way is to replace the derivatives with difference relations.

If we consider that the distance between every two adjacent points in the direction ox, oy is equal
to the dimension of the grid, we divide the grid points into points that we call interior points, which
are located inside the curve (c) and boundary points that are located on the curve (c), The function ¢

= @(x,y) takes values on the grid points, which we express by the relation [4, 6]:
Uy = ulxg +ih, yo + ki) (2)

Where i,k =0,+1,+2, ... ... is the number of the area on the axis, (h, ) the dimension of the grid

on each axis, 1,f we replace the partial derivative for each internal point with the difference relations

we get:
(a_u) ~ WLl "YU
0x/ ik h
(6_u) ~ Yik+1) UG k) 3)

We obtain the second-order derivatives similarly:

(az_u) Ui+ 1k~ 2UG k) FU(i—1,k)
0x2/ i h2
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(62_11) UG+l ~2UG ) T UG—1,k) (4)
0x2/ ik h2

These substitutions make us able to reduce the solution of equations with derivatives to a set of

difference equations that can be solved algebraically or numerically.

Y

R
“\u./.‘ l
ij+1) I
hiy) worl wony
G-17 (i+1j) {

() — ’ 1

Figure (2). shows the network numbering method [4].

To solve partial differential equations using networks, we will review some of their types, the most
important of which is Laplace’s equation. The solution to these equations is the functionu(x, y) that
1s achieved at every point in the region subject to certain boundary conditions defined on the closed

curve (¢).
2 -Solve Laplace’s equation.

Laplace's equation is considered one of the examples of incomplete differential equations. Laplace's
equation arises in steady-state flow and potential problems. If we assume that the voltage equation

is given by the following mathematical relationship[6]:

0°u  0%*u

o )

We take into account a rectangular region (R) where u(x,y) is known at its boundaries. We divide
the region into square grids with side h as shown in Figure (2), by substituting the derivatives in

equation (5) by approximating the finite differences, we obtain[3, 7]:

1
U = Z[ui—l,j F Upprj+ Upjer + Ui (6)
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Using equation (6) at each internal grid point, we arrive at a linear system of equations in nodal
values, which can be solved by the Jacobi method or the Gauss-Seidel method, which are given by

the following equations, respectively[6, 8]:

1
(n+1) _ ) ) m) €D
Uj = Z[ui—l,j T Uyt Upjaq T ui,j—l] (7)
1
(n+1) _ (n+1) (n) (n+1) (n)
Uj = = Z[ui—l,j + ULt W +ui,j—1] 3

Example (1):

To apply the finite difference method to electric potential ,w e look at the voltage values ¢ (x,y) on
the boundaries of the box shown in the following figure, we can evaluate the function ¢(x,y) that

Using Jacobi's method, with the following solution satisfies Laplace's equation ( V2u = 0)[6]:
For initial values uq, u,, us, u, , a ssume that the value wu, = 0, So we ge:

1000 1000

1000 1000
, koo

2000 500
2, 2,

2000 o

1000 500 o) [¢]

Figure (3). Solution of the electric potential equation (Laplace equation) [6].
Using the finite difference relationship and the Jacobi method, we obtain the following results:

Table (1). Solution of the Laplace equation by the finite difference method.

Ineration Uy U, Us Uy
1 1125 [ 719 | 969 375
2 1172 | 750 | 1000 | 422
3 1188 | 774 | 1024 | 438
4 1200 | 782 |1032 |450
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5 1204 | 788 | 1038 | 454
6 1206.5 | 790 | 1040 | 456.5
7 1208 | 791 1041 | 458
8 1208 | 791.5 | 1041.5 | 458

We noticed that there is no difference between the seventh and eighth iterations, so the required

solution is as follows: [6].
u, = 1208, Uy, = 792, Uz = 104‘2, Uy = 4‘58

3 — Application: Study of the area of a magnetic field resulting from  wire

carrying an electric current.

If we occupy the space of a magnetic field region (By) in this case the total field in this region will

be [11].

B= B, +B, )

B, The magnetic field generated by a ferromagnetic material and expressed as a function of the

material's magnetization vector.

m The vector of magnetization is the magnetic moment per unit volumem

B The intensity of the external magnetic field affecting it B_o), where
B = U M (10)

B=B,+ p, M (11)

To analyze the magnetic field resulting from the magnetic material, we put

I

By, = u, (12)
where

U, Magnetic permeability
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H The strength of the external magnetic field within a material

Equation (11) can be written as follows: [10]

B=p, H+ po M= p,(H+ M) (13)
Each has M,H the same units, which areAmpere/meter.
:Example 2:

When studying a circular ring, as shown in the following figure, to find a permanent magnetic field
associated with a specific permanent magnet for the shape of the circular ring, we use cylindrical
coordinates, due to the circular shape of the magnet, as the magnet has a limited range along an axis
(Z) and here an analytical solution can be found,which , is ,to find a solution Numerical
electromagnetic phenomena can be described with a magnetic field, and to clarify the description

.with Maxwell's equations [10, 11]

Figure (3). shows the circular shape of the magnet[11] .

V.D=p (14)
—-0B

VXE—? (15)

V.B=0 (16)

Vx H=24] (17)

And the relationship between H B, it is in the following relationship:
B = u,(H+ M) (18)

Where M is the magnetized material
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The magnetic field results from two factors, the first is the current and the second is the change in
the electric field, assuming that the magnetic field is homogeneous and parallel to the axis of the
magnet, and assuming that the derivatives with respect to time are equal to zero. As a result of these
assumptions we obtain the stable state problem, since there are no electric charges ( p =0). Therefore,

there is no current, i.e. (0 =1J)

VXH=0 (19)

In the case of zero current, we can write the following:
H= -VQ (20)

@ Magnetic function, From equation (16) we find that
Vip = V.M 21)

Since we assumed that the magnet is homogeneous, this leads to non-existent dispersion within
the magnet, and likewise the magnetization and its dispersion are non-existent. Therefore, we must
,2take into account continuity in the boundaries and fulfillment of Laplace’s equation on the surface

when applying the boundary conditions[8].
The first condition is when
ﬁ X (H1 - Hz) = O

To achieve this condition on the connection between two materials, where 7 one ray is at the

connection, using the magnet function, we get:

By integrating we get

The second condition

Bzﬁ_ Blﬁ = 0
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Satisfying the condition for the field (B) ,to be continuous, using the limits of the magnet function

we find that:
(=V0,+ M ).n=(—V0D,+ M,).1) (22)
Vo, — V@,) . A= (M;—M,).7A (23)

This is the limit condition on the gradient of the function when it passes through the junction, and
the gradient changes until equilibrium occurs in the change in magnetism, where there is another

condition at infinity, since the magnet is a dipole, the form for the magnet function is:

0@ =~ M) = 55 o)

Such a condition can be treated in many ways, by taking a large-dimensional grid, and assuming

the magnet function to be equal to zero at its boundaries[10].

< <
< <
v < < A
>
| >
% ~
Emn >\ 1
> —— >
« >
| » o
A - < Y
< <

Figure. (4) shows the magnetic field lines [10]
Finite difference equations:

The Laplacian with cylindrical coordinates is given as follows:

2p= 12,2, 120 o0
V(Z)_pap pap +p2 6®2+622 (25)

We note that this problem is symmetrical to the cylinder and has nothing to do with the angle(@),
we choose a grid (p, z) such that it is equal in both directions, and the center of the coordinates is
at the geometric center of the magnet, so we obtain:

Oiv1,j=0i-1j , Pi+1,j=20ij+0i-1,j | Bij+1-20;j+0;j-1
2hp; h2 h2

(26)
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where

@i,j:®(pi’zj), 0<i<N, 0<j <N,
Because of the symmetry of the body, we can write the magnet function as follows:

9, = %[(1 + zlpl) Biv1) + (1 - %) Di—1j+ Dijr1+ (Z)i,j—l] Lj#0 (27)

The symmetry of the magnet along the axis is given by the following relationship:

2 2
2 ®+ l@_}_ﬂ (28)

2 _
v ap? pop 0z2

The second term in equation (22) is when (p = 0), then (@) must be assumed as a continuous function

of position. For (Z) to be constant, all physical values are equal in all directions.

When (p ~0), the value of (@) does not change and its derivative with respect to (p) is zero, and

therefore the L’Hopital rule can be used:

2 (30
108|  _ a0/ep|  _ lim%( /op)_ 020

d 9 ap?
pop p=0 p p=0 p—0 ap(p) p

(29)
p=0

We can express the Laplacian as follows:

9% ¢
9z2’

v2p=2224 p=0 (30)
dp?

Using the Laplacian formula in the previous equation, it becomes the correct difference equation

405+ 041+ Do,
@0_]‘ — [ 1,j 0,]6+1 0,] 1] (31)

In order for the magnet to become bipolar when (Z= 0), meaning that it has two ends, one of which

is a south pole and the other is a north pole, that is:

When (z < 0) is the inverse of the solution for (z >0), that is, @ must be an odd function of (z) and

must be null for (z=0), i.e:
Dio=0
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In this case, the maximum conditions on the surface of the magnet are not consistent with Laplace's
equation, and equation (21) is the effective equation on the surfaceconsidering the change in
magnetization, and that there are no usual elements of the magnetic field on the cylindrical surfaces

of the magnet in the inner and outer circle[9].

Equation (22) also shows that the derivative is continuous if the derivative of the inner surface is
equal to the derivative outside the surface and therefore equals zero, meaning that:

02 ¢

ﬁ - = 0 (32)

any
Q)i* gt (Z)(i_ )
Qi = @ (33)
Where (i) the grid point is inside the cylinder, the derivative relationship can be found inside the

magnet as follows:[10, 11]

i j*= Di j*—1 D; 41~ Bi j*
DAY i SR VA3 J

- - (34)

Where j* the grid point is on the surface of the magnet, we find that:

Mh+ @; = 1t Qi,j*—l

B; = Lt (35)

To determine @; ; we can used equations (27) and (28), We find the following equation :

Mh+ @y jyq+ B g +@peyq jr+Bpx_q j*

Q)i* gt = (36)

4

4 - Plane electromagnetic wave:

It is possible to deduce the properties of electromagnetic waves from Maxwell's equations

- — _dQ)B
E.ds =
ds T
= —s do
ng.ds= MOI+MOEOTE
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The solution to these second-order differential equations is obtained from Maxwell's equations. It is
one of the most important methods known to prove wave properties, We assume that the vectors of
the electric field and the magnetic field in the electromagnetic wave exhibit specific behavior when

they change with displacement and time, but it is consistent with Maxwell's equations.[11,12 ]

When focusing on the positive direction of the (x) axis of the electromagnetic wave, and the electric
field E is in the direction of the (y) axis, and the magnetic field B is in the direction of the (z) axis,
then the waves in which the electric and magnetic fields move in two directions perpendicular and

parallel to the two axes orthogonal to linearly polarized waves [10].

We assume that at any point the magnitude of both the electric field (p) and the magnetic field

B depends E on (x) and (t) and not on(y) or (z) and that any group of these waves emanating
from different sources is called a plane wave. The surface that connects the equal points in all waves
is called the source of the wave. By comparison, the source point of the radiation It is the point that
emits waves from all directions, and the surface connects equal points of a spherical surface, and the

resulting wave is called a spherical wave.[10]

The relationship between E and can be found B with the following Maxwell equations:

- — _ _dQ)B
$E.ds = —2o (37)
- — dq)
$B.ds = pol + ug & th (38)

ifitwas @ = 0, I = 0 The equation can be written as follows:
- —> ao
§B.ds = o £05," (39)

Using equations (36) and (37) and assuming that the wave is flat, we obtain the differential equations

linking the electric field E and the magnetic field B as follows:

O0E 0B

rriatinlr (40)
0B 0E

ax Ho &o s (41)
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To prove this equation, we start with Faraday's law, which is represented by the following

relationship
$E.ds= —2"= (42)

We assume that the electromagnetic wave propagates in the positive direction of the (x) axis, while

the electric field E is directed in the positive direction of the (y) axis, and the magnetic field B is

directed in the positive direction of the axis (z). [10, 9]
Example 3:

When studying a rectangle, its width dx and height L lie in the planexy as follows:

JI
=
K

]
l { ! <
=

B

Figure (5) shows the figure when a plane wave passes through a rectangular path of width dx located
on the (xy) axis, the field changes and this leads to a change in the magnetic field with time along

the axis (z)[10].

The area on the right side of the rectangle is equal to

E(x +dx,t) = E(x,t) + £ (43)

axlt( constant)
0E
dx = E(x,t) + o dx (44)

The field on the left side of the rectangle is equal to E(x,t), so the linear integral over the rectangle

can be equal to

0E

fﬁ.d_s’z E(x+dx,t).L —E(x,t).L =~ (ax

) dx.L (45)

Because the magnetic field is in the direction (z), and the magnetic flux is through the rectangle

whose area is (L,dx) is approximately equal
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@p = BLdx (46)
We assume that (L,dx) is very small, by differentiating the magnetic flux with respect to time

B
=L.dx — (47)

x( constant) at

ddy dB
W—L.dx E

By substituting equation (45) and (46) into equation (9), we obtain the following [12,11]:

<6E> dx.L = —L.d B
0x L= -ax ox
<6E> _ oB "
ax) dat (48)
\ E
R
T T s

Figure (6). shows when a plane wave passes through a wide path dx and falls intoxz the magnetic

field In a direction (z) that changes fromB to B + W[IO]

In the same way as before, through Maxwell's equation, the magnitude of the magnetic field changes

from B(x,t) to B(x+dx,t) on width dx we find the linear integral over the rectangle equals[10, 11].

S 0B
fE.dsz B(x,t).L — B(x +dx,t).L = (a>dx.L (49)
The electric flux through the rectangle is as follows:
O = ELdx (50)

When we perform the differentiation process with respect to time, we get:
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00 O

By substituting equation (48) and (49) into equation (11), we get the following:

9B el = L.d (aE> 52
5 L=~ o & Ldx | (52)
0B 0E

o _ﬂogoy (53)

We note that equations (52) and (53) are partial differential equations, the same as equation (51),
when solving the partial differential OE/(0t), (t) remains constant while (x) is constant when solving

the partial differential OB/(ct).

When we differentiate the partial equation (52) with respect to the variable (x) and combine it with

equation (53), we get:

0°E 0 (6B> 0 (63) 0 ( aE) 54
ax ox\at)  ot\ax)  oat\ %05 4
0%E 0%E
ax2 Mo 5
In the same way as for equation (52), we put B instead of E, we get:
0%B d’B
322 = Mofo g7 (55)

Equations (53)and (54) each take the form of the general wave equation after replacing the wave

speed (v) At the speed of light (C).

1

vV Hoéo

c= (56)

where o Magnetic permeability
&0 Vacuum tolerance

C The speed of light
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Because this speed is equal to the speed of light in a vacuum, this is what makes us certain that light

is electromagnetic waves.

and B changes E with both (x) and (t):as follows
E = E, g, cos(kx —wt) (57)
B = B cos(kx — wt) (58)

Where E,,., and By, are the maximum values of the electric and magnetic fields, respectively,
and the wave number of the wave is a constant [10, 11].

Where A wavelength is measuredm

1

w Angular frequency and measured s~

f The wave frequency and measured HZ

I = 2T
2
w = 2nf
_w
“T %
w 2nf A (59)
_—= —= =C
k 27t//1

I used the relationship between speed, frequency, and wavelength for any continuous wave.

By performing partial differentials of equation (57) with respect to the variable (x) and equation (58)
with respect to time, we find that [11, 12]:

0E

== —k Engysin(kx —wt) (60)
oB
Pl WBpay Sin(kx — wt) (61)
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k Emax = W Bnax

Emax w
= —=C (62)
Bmax k
wC = Emax _ E
Bmax B

Conclusion:

Through our study of some physical phenomena, such as the continuity equation, the voltage
equation, and the electric fields E and magnetic fields B, we found that it is possible to achieve certain
boundary conditions in physical problems related to solving incomplete and equivalent partial
differential equations such as diffusion equations, in addition to solving hyperbolic differential
equations, which represent motion. Wave and cylindrical coordinate equations are realized in
Maxwell's equations, and by applying finite difference equations, we obtain many mathematical

relationships to solve physical problems and help us describe physical phenomena.
Discussion:

When applying the finite differences (grid) to the electric potential equation, as in example No. (1),
which was obtained from Laplace’s equations, and by using the Jacobi method, we obtained values
for uq, u,, usz, uy4, and we noticed that there is no difference, between the seventh and eighth iterations,
this helped us to obtain an algebraic and numerical solution to the equations in a faster way, as for
example No. (2), we applied the Laplacian finite difference equations to the cylindrical coordinates,
using the magnet function to obtain the numerical solution, in this example, we note that the cylinder
has no relationship to the angle (@ ), we must choose a grid of (p, z) that is equal in both directions,
after analysis, we found that the maximum conditions on the surface of the magnet are not consistent
with Laplace’s equation, however, when we used the limits of the magnet function, the first and
second conditions were met, and we took into consideration the continuity equation in limits, we get
the derivative of the inner surface equal to the derivative outside the surface, and therefore equal to
zero, as for example No. (3), we applied the properties of electromagnetic waves and magnetic and
electric fields in second-order differential equations, which were obtained from Maxwell's equations

represented by Faraday's law, We noticed that the magnitude of the magnetic field changes in the
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shape of the rectangle, as we obtained through mathematical relations the maximum value for the
electric fields E and magnetic fields B, and that the shape of the sine wave equation changes its values

with the value of E, B with each of (x, t).
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